For relatively hyperbolic groups, we investigate conditions guaranteeing that the subgroup generated by two quasiconvex subgroups Q1 and Q2 is quasiconvex and isomorphic to Q1 * Q 1 ∩Q 2 Q2. Our results generalized known combination theorems for quasiconvex subgroups of word-hyperbolic groups. Some applications are presented.
Introduction
Relatively hyperbolic groups, originally introduced by M. Gromov [15] , have received a great deal of attention by group theorists after foundational works by B. Farb [13] and B.H. Bowditch [7] in the late nineties. This class of groups includes many interesting subclasses. For instance, limit groups which are an essential part of the theory of algebraic geometry over free groups [1, 11] , and geometrically finite Kleinian groups which contain fundamental groups of finite-volume hyperbolic manifolds.
If G is a countable group and H is a collection of subgroups of G, the notion of relative hyperbolicity for the pair (G, H) has been defined by different authors [7, 12, 13, 15, 16, 17, 21, 26] . All these definitions are equivalent when the group G and the subgroups in H are finitely generated [12, 15, 21, 25, 26] . A precise definition is provided in the next section. When a pair (G, H) satisfies the relative hyperbolicity condition we say that the group G is hyperbolic relative to H, and when the collection H is fixed we just say that the group G is relatively hyperbolic.
For a group G hyperbolic relative to a collection of subgroups H, the quasiconvex subgroups are the natural subgroups to study when considering a relatively hyperbolic group as a geometric object. Different notions of relative quasiconvexity for subgroups of G were introduced by D. Osin and F. Dahmani [11, 21] and recently C. Hruska has proved the equivalence of these definitions [17] .
We are interested in the following problem.
Problem 1. Let G be a relatively hyperbolic group, and suppose that Q and R are quasiconvex subgroups of G. Consider the natural homomorphism ρ : Q * Q∩R R −→ G, which has image the subgroup Q ∪ R .
(Algebraic Structure.) When is ρ injective?
2. (Geometric Structure.) When is the image of ρ a quasiconvex subgroup?
Main Results
Let G be a group generated by a finite set X and hyperbolic relative to a collection of subgroups H. A subgroup of G is called parabolic if can be conjugated into one the subgroups in H. For an element g ∈ G, |g| X denotes its distance from the identity element in the word metric induced by X on G Theorem 1.1 (Quasiconvex-Parabolic amalgamation). For any relatively quasiconvex subgroup Q and any maximal parabolic subgroup P of G, there is constant C = C(Q, P ) ≥ 0 with the following property. If R is a subgroup of P such that 1. Q ∩ P ≤ R, and 2. |g| X ≥ C for any g ∈ R \ Q, then the natural homomorphism
is injective with image a relatively quasiconvex subgroup. Moreover, every parabolic subgroup of Q∪R < G is either conjugate to a subgroup of Q or a subgroup of R in Q ∪ R .
Theorem 1.2 (Quasiconvex-Quasiconvex amalgamation).
For any pair of relatively quasiconvex subgroups Q 1 and Q 2 , and any maximal parabolic subgroup P such that R = Q 1 ∩ P = Q 2 ∩ P , there is a constant C = C(Q 1 , Q 2 , P ) ≥ 0 with the following property. If h ∈ P is such that 1 . hRh −1 = R, and 2. |g| X ≥ C for any g ∈ RhR,
then the natural homomorphism
is injective and its image is a relatively quasiconvex subgroup. Moreover, every parabolic subgroup of Q 1 ∪ hQ 2 h −1 < G is either conjugate to a subgroup of Q 1 or hQ 2 h −1 in Q 1 ∪ hQ 2 h −1 .
History and Motivation
This work is motivated by known combination theorems for quasiconvex subgroups of word-hyperbolic groups. In [15] , M. Gromov stated that in a torsion free wordhyperbolic group any infinite index quasiconvex subgroup is a free factor of a larger quasiconvex subgroup. Gromov's ideas were developed by G.N. Arzhantseva in [3] . More general combination theorems for quasiconvex subgroups of word-hyperbolic groups were stated and proved by R. Gitik in [14] . For relatively hyperbolic groups with discrete representations in Isom(H n ), recent results by M. Baker and D. Cooper correspond to combination of quasiconvex subgroups [4] .
The Klein-Maskit Combination Theorems for Kleinian groups [19] are another motivation for our work. In particular, the following example whose details can be found in [18] : if G 1 and G 2 are two lattices of P SL(2, C) and R is a maximal parabolic subgroup of both, then for a "sufficiently complicated" parabolic h centralizing R, the natural homomorphism from Q 1 * R hQ 2 h −1 into P SL(2, C) is injective. This technique has been used by D. Cooper, D. Long, and A. Reid to double quasiFuchsian subgroups along parabolic subgroups in hyperbolic manifold groups, producing essential closed surfaces in cusped hyperbolic manifolds [9, 10] . Corollary 1.7 illustrates this technique in the context of relatively hyperbolic groups.
Another motivating result, with a similar statement to Theorem 1.2, is a combination theorem for Veech subgroups of the mapping class group by C. Leininger and A. Reid in [18] . This result was used to construct subgroups of the mapping class group isomorphic to the fundamental group of a closed surface. The mapping class group is weakly relatively hyperbolic [20] , but is not strongly relatively hyperbolic [2, 5] .
The main motivation of this work is an outstanding question by M. Gromov of whether every one-ended word-hyperbolic group contains a subgroup isomorphic to the fundamental group of a closed surface. In [9] , D.Cooper and D.Long produce surface subgroups in word-hyperbolic groups arising as the fundamental groups of Dehn fillings of finite volume hyperbolic manifolds, starting with the construction of quasiconvex subgroups with particular structures in the finite volume hyperbolic manifold group. We aim to explore Gromov's question on particular classes of word-hyperbolic groups which arise as algebraic Dehn fillings of relatively hyperbolic groups. The notion of algebraic Dehn filling has been studied by D. Groves and J. Manning, and independently by D. Osin [16, 22] . The main results of this paper are part of this program.
Other results on Quasiconvex Subgroups
Let G be a hyperbolic group relative to a collection of subgroups H with finite generating set X.
assuming that the ambient group is finitely generated [17] . In this generality, D. Osin stated the same result in [21] . Proposition 1.5. Let Q be a σ-quasiconvex subgroup of G. The number of infinite maximal parabolic subgroups of Q up to conjugacy in Q is finite. Remark 1.6. Proposition 1.5 appears as [17, Theorem 9 .1] and it is proved using the dynamical characterization of quasiconvexity. Here we present a conceptually simpler proof using arguments on Cayley graphs.
Sample Applications
Special attention has been given to relatively hyperbolic groups with peripheral structure consisting of abelian or virtually abelian subgroups. In this setting Theorems 1.1 and 1.2 can be used to construct quasiconvex subgroups with particular structures.
Let G be hyperbolic relative to a collection of free abelian subgroups H. Given a subgroup R of a group Q, the amalgamated free product of k copies of Q along R is denoted by ∆ m (Q, R). When m = 2, ∆ 2 (Q, R) is called the double of Q along K. Doubling a group along a subgroup has been used in different contexts in group theory and geometric topology; for example to produce groups with interesting finiteness properties [24] , or to produce surface subgroups in finite volume hyperbolic 3-manifold groups [10] . Corollary 1.7 (Doubling Quasiconvex along Parabolics). Let Q be a relatively quasiconvex subgroup and let P be a maximal parabolic subgroup of G. If
then there exists a quasiconvex subgroup isomorphic to ∆ k (Q, Q ∩ H) for any positive integer k.
A quasiconvex subgroup R of G is called fully quasiconvex if for any parabolic subgroup P < G, the subgroup Q ∩ P is finite or of finite index in P . Fully quasiconvex subgroups have appeared in the work of F. Dahmani [11] where is shown, under some hypothesis, that the combination of relatively hyperbolic groups along fully quasiconvex subgroups is a relatively hyperbolic group. Corollary 1.8 (Fully quasiconvex amalgamams). Let Q be a relatively quasiconvex subgroup. Then there exists a fully quasiconvex subgroup R which splits over Q.
Outline of the Paper
The paper is organized as follows. Section 2 introduces background and notation. Section 3 states and proves a proposition about quasi-geodesics which complements a result by C. Druţu and M. Sapir in [12] . Section 4 recalls the notion of relatively quasiconvex subgroup and the proofs of Propositions 1.3 and 1.5 are explained. Section 5 consists of the proofs of the main results and the applications. The last section of the paper consists of future research directions.
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Relatively Hyperbolic Groups
The aim of this section is to introduce notation and to define relatively hyperbolicity for finitely generated groups. The definition presented below is equivalent to the one given by D. Osin in [21] ; the equivalence follows directly from [21, Theorems 3.23 and 6.10].
Preliminaries
We follow closely the notation and conventions of the paper [21] . Let G be a group and A ⊂ G a generating set closed under inverses. The Cayley Graph of the group G with respect to A, which is denoted by Cayley(G, A), is the oriented graph with vertex set G and edge set G × A, where an edge e = (g, a) goes from the vertex g to the vertex ga and has label Label(e) = a. Let p = e 1 e 2 . . . e k be a combinatorial path in Cayley(G, A). The initial and the terminal vertices of p are denoted by p − and p + respectively, the label Label(p) of p is the word Label(e 1 )Label(e 2 ) . . . Label(e k ) in the alphabet A, and the length l(p) of p is the number of edges in p. The concatenation of the combinatorial paths p and q such that p + = q − is denoted by pq. The (word) length |g| A of an element g ∈ G is the length of a shortest combinatorial path in Cayley(G, A) from 1 to g. This defines a left invariant metric on the group G defined by dist A (f, g) = |f 
Definition of Relative hyperbolicity.
Let G be a group, H = {H i } m i=1 be a collection of subgroups of G, and X be a symmetric finite generating set for G. Denote by H the disjoint union
where H i is a copy of H i . [21] . H-components, connected and isolated, backtracking, phase vertices, and k-similar paths ). Let q be a combinatorial path in the Cayley graph Cayley(G, X ∪ H). Subpaths of q with at least one edge are called non-trivial. An H i -component of q is a maximal non-trivial subpath s of q with Label(s) a word in the alphabet H i \ {1}. When we don't need to specify the index i, we will refer H i -components as H-components.
Two H-components s 1 , s 2 of q are connected if the vertices of s 1 and s 2 belong to the same left coset of H i for some i. Equivalently, the H-components s 1 and s 2 are connected if Label(s 1 ) and Label(s 2 ) are words in the alphabet H i for some i, there exists a path c which connects a vertex of s 1 and a vertex of s 2 , and Label(c) is a word in the alphabet
The path q is without backtracking if every H-component of q is isolated. A vertex v of q is called phase if it is not an inner vertex of an H-component s of q. Two paths p and q in Cayley(G, X ∪ H) are k-similar if (ii.) Suppose s is an H-component of p such that dist X (s − , s + ) > ǫ(λ, c, k); then there exists an H-component t of q which is connected to s.
(iii.) Suppose s and t are connected H-components of p and q respectively. Then
Remark 2.5. Our definition of the BCP property corresponds to the conclusion of Theorem 3.23 in [21] .
Definition 2.6 (Relative Hyperbolicity). The pair (G, {H
) satisfies the relative hyperbolicity condition if the group G is weakly hyperbolic relative to
and the pair (G,
) satisfies the relative hyperbolicity condition then we said that group G is hyperbolic relative to
; if there is no ambiguity, we just said that the group G is relatively hyperbolic. For the rest of this section, let G be a group hyperbolic relative to a collection of subgroups H and let X be a symmetric finite generating set of G. The following corollary is a direct consequence of Definition 2.6. 
and neither p nor q have more than one vertex in g 1 H i or g 2 H j , the following holds.
1. l(q) ≤ l(p) + 2, and 2. q and p are ǫ(1, 4, 0)-similar.
Proof. Consider the path r = c 1 pc 2 in Cayley(G, X ∪ H) where c 1 is an edge connecting q − and p − , and c 2 is an edge connecting p + and q + . Notice that r is a (1, 4)-quasi-geodesic in Cayley(G, X ∪ H) and that q and r are 0-similar. The BCP-property implies
Quasi-geodesics
Let G be a group generated by a finite set X,
a collection of subgroups of G, and suppose that G is hyperbolic relative to
. Any geodesic p in Cayley(G, X ∪ H) can be decomposed as
where each r i is a geodesic, and each s i is an isolated H-component.
In this section, we investigate paths with the above type of decomposition and estimate quasi-geodesic constants. The main result of the section is the following. Remark 3.2. The strength of this result is that the constant λ 0 is independent of the number of segments of the path. This complements a similar result by C. Druţu and M. Sapir [12, Lemma 8.12] . Assuming that the lengths of the segments r i are larger than a fixed constant l, their result estimates quasi-geodesic constants depending on l and the number of segments 2k.
the subpath
The rest of the section consists of two parts. First, a result by D. Osin about polygons in Cayley(G, X ∪ H) is recalled and a corollary is stated. The second part consists of a series of lemmas and the proof of Proposition 3.1.
Osin's Result about Polygons
The following proposition is a stronger version of the Bounded Coset Penetration property. It is a central part of D. Osin's work in [22] . Proposition 3.3 (D. Osin [22] ). There exists a constant D > 0 satisfying the following condition. If P = p 1 p 2 . . . p n is an n-gon in Cayley(G, X ∪ H) and S ⊂ {p 1 , . . . , p n } such that: 1. each side p i ∈ S is an isolated H-component of P, and 2. each side p i ∈ S is a geodesic path.
The next Corollary is used in the proof of the main result of the section. 
s is connected to only one H-component t of the concatenated path qr and
3. s is connected to H-components t and u of q and r respectively, and
Proof. In the first case, consider ∆ as a 5-gon with s as one of its sides. Then Proposition 3.3 implies that dist X (s − , s + ) ≤ 5D.
In the second case, we consider the case t is an H-component of q. Decompose the paths p and q as p = p 1 sp 2 and q = q 1 tq 2 . Since s and t are connected Hcomponents, there are edges c 1 connecting t − and s + , and c 2 connecting s − and t + . Considering the 3-gon p 2 q 1 c 1 and the 4-gon p 1 c 2 q 2 r, Proposition 3.3 implies
For the third case, an analogous argument shows that
To finish the proof define τ = 5D. 
Proof of Proposition 3.1
We will see that λ 0 = 3 works, and will define a lower bound for η during the course of the proof. The argument consists of three lemmas. Proof. We argue by induction on k. Suppose k = 1. Since l(s 1 ) = 1 it follows that r 1 s 1 is a (1, 2)-quasi-geodesic in Cayley(G, X ∪ H). By our choice of η,
The BCP-property implies that any geodesic in Cayley(G, X ∪ H) connecting the endpoints of r 1 s 1 has a H-component which is connected to s 1 and is ǫ(1, 2, 0)-similar to s 1 . Suppose k > 1. Consider the subpaths of p:
Let q, q 1 , and q 2 be geodesics in Cayley(G, X ∪ H) connecting the endpoints of p, p 1 and p 2 respectively. Claim 1. q 1 has no H-component connected to the H-component s k . By induction hypothesis q 1 has a H-component u which is connected and ǫ(1, 4, 0)-similar to s k−1 . By the triangle inequality and our choice of η, Claim 2. q has a H-component t k connected to s k . Consider the triangle ∆ whose sides are q 1 , q 2 , and q. By induction hypothesis, q 2 has a H-component t which is connected and ǫ(1, 4, 0)-similar to s k . By the triangle inequality and our choice of η,
where τ is the constant of Corollary 3.4. Since q 1 has no H-component connected to s k , Corollary 3.4 implies that q has a H-component t k . Claim 3. q has a H-component t k−1 connected to s k−1 . Since p 2 and q 2 are 0-similar, if q 2 has a H-component t connected to s k−1 , then the BCP-property shows that dist X (t − , t + ) ≤ ǫ(1, 2, 0). By the induction hypothesis, the H-component u of q 1 connected to s k−1 satisfies dist X (u − , u + ) ≥ η−2ǫ (1, 4, 0) . Consider the triangle ∆ whose sides are q 1 , q 2 , and q. Corollary 3.4 implies that q has a H-component t k−1 connected to s k−1 such that
The last inequality follows by our choice of η. Claim 4. for each 1 ≤ i < k−1, q contains a H-component t i which is connected to s i . Let q ′ be the subpath of q from q − to (t k−1 ) + . Notice that q ′ and q 1 are ǫ(1, 4, 0)-similar (Apply Corollary 2.8 to r k and the subpath of q from (t k−1 ) + to (t k ) − ). By induction hypothesis q 1 has a H-component u i connected to s i such that 0, ǫ(1, 4, 0) ), (3.5) where the last inequality follows by our choice of η. Applying the BCP-property to q ′ and q 1 , one sees that q ′ has a H-component t i connected to s i such that 6) where the last inequality follows by our choice of η. The claim follows. Claim 5. The H-components s i and t i of p and q, respectively, are ǫ(1, 4, 0)-similar.
Let w i be the subpath of q between t i and t i+1 . Corollary 2.8 implies that r i and w i are ǫ (1, 4, 0) 
Since p ′ was arbitrary, it follows that p is a (3, 0)-quasi-geodesic in Cayley(G, X ∪ H). Proof. Suppose p backtracks. Let u and v be different connected H-components of p such that the subpath r in-between is without backtracking. Observe that r contains one of the H-components s i of p. Since r is a (3, 0)-quasi-geodesic, the BCP-property implies
But this is a contradiction since
by our choice of η.
A lower bound for η is given by (3.2), (3.3), (3.4), (3.5), (3.6), and (3.7).
Quasiconvex Subgroups
This section consist of three parts. First (relatively) quasiconvex subgroups are defined following D. Osin's work in [21] . The second part consists of the proof of Proposition 1.3 which states that the collection of quasiconvex subgroups of a relatively hyperbolic group is closed under finite intersections, and the third part consists of the proof of Proposition 1.5 on maximal parabolic subgroups of quasiconvex subgroups. In this section, G is a group generated by a finite set X,
a collection of subgroups of G, and G is hyperbolic relative to {H i } m i=1 .
Definition of Relatively Quasiconvex Subgroups
Relatively quasiconvex subgroups of relatively hyperbolic groups were introduced by D. Osin in [21] as a generalization of quasiconvex subgroups of word-hyperbolic groups. F. Dahmani in [11] introduced a dynamical definition of quasiconvex subgroups in relatively hyperbolic groups. C. Hruska showed that both notions are equivalent [17] ..
(or simply quasiconvex when the collection {H i } m i=1 is fixed) if there exists a constant σ ≥ 0 such that the following condition holds. Let f , g be two elements of Q, and p an arbitrary geodesic path from f to g in Cayley(G, X ∪ H). Then for any vertex v ∈ p, there exists a vertex w ∈ Q such that dist X (u, w) ≤ σ.
Proof of Proposition 1.3
The following lemma is used several times in the paper, in particular in the proof of Proposition 1.3. In the context of countable groups, we said that a left invariant metric is proper if balls of finite radius contain a finite number of elements.
Lemma 4.2. Let A be a countable group with a proper left invariant metric d. Then for any subgroups B and C of A, and any constant
where N K (C) and N M (B ∩ C) denote the closed K-neighborhood and the closed M -neighborhood of C and B ∩ C in (A, d) respectively.
Proof. Suppose the statement is false for the constant K. Then there are sequences {q n } ∞ n=1 and {h n } ∞ n=1 such that q n ∈ B, q n h n ∈ C, d(1, h n ) ≤ K, and
Since balls are finite in the metric space (A, d), without lost of generality assume {h n } ∞ n=1 is a constant sequence {h} ∞ n=1 . For any m and n, observe that q n q −1 m = (q n h)(q m h) −1 ∈ B ∩ C, and hence q m h and q n h are in the same right coset of B ∩ C, say (B ∩ C)f . It follows that
for any n, a contradiction. . Since the generating set X is finite, the metric dist X on G is proper. Let M = M (Q, R, 2σ) be the constant given by Lemma 4.2 satisfying
where the neighborhoods are taken in the metric space (G, dist X ).
We claim Q ∩ R is a (σ + M )-quasiconvex relative to
. Let g ∈ Q ∩ R, let p be a geodesic from 1 to g in Cayley(G, X ∪ H), and let u be a vertex of p. Since Q and R are σ-quasiconvex, there exists s ∈ Q and t ∈ R so that
It follows that s ∈ Q ∩ N 2σ (R), and hence there is
v ∈ Q ∩ R so that dist X (s, v) ≤ M. Therefore v ∈ Q ∩ R and dist X (u, v) ≤ σ + M.
Proof of Proposition 1.5
Proposition 1.5. Let Q be a σ-quasiconvex subgroup of G. Then any infinite maximal parabolic subgroup of Q is conjugate by an element of Q to a subgroup in the set {Q ∩ H z : H ∈ H and z ∈ G with |z| X ≤ σ}.
In particular, the number of infinite maximal parabolic subgroups up to conjugacy in Q is finite.
Proof. Let g ∈ G and H ∈ H. Suppose that Q ∩ H g is an infinite subgroup. Since the generating set X of G is finite, there is an element h ∈ H such that |h| X > ǫ(1, 0, |g| X ) and h g ∈ Q ∩ H g . Let p be a geodesic from 1 to h g . Then the BCP-property 2.4 implies that p has an H-component s contained in the left coset gH. Since Q is σ-quasiconvex, there is an element y ∈ Q such that dist X (y, s − ) ≤ σ. The group element z = y −1 s − satisfies that |z| X ≤ σ and
Proofs of the Combination Theorems and Applications
The proofs of Theorems 1.1 and 1.2 adapt some of Gromov's ideas in [15, section 5.3.C.] on combination theorems for quasiconvex subgroups in word-hyperbolic groups. We sketch the general argument. Suppose Q * Q∩R R is an amalgamated product of quasiconvex subgroups of G satisfying the conditions of one of main theorems. Given a non-trivial element f of Q * Q∩R R, we use its normal form to produce a path o in the relative Cayley graph of G from 1 to the image of f . Then the path o is shortened by replacing each H-component with more than one edge by a single edge; the new path is denoted by p. (See Figure 5 .2 below.) Proposition 3.1 implies that p is a (λ 0 , 0)-quasi-geodesic with different endpoints, proving that the map from Q * Q∩S S into G is injective. Since λ 0 is independent of the element f , the image of Q * Q∩S S in G will be a quasiconvex subgroup. The section consists of four parts. In the first subsection a proof of Theorem 1.1 is explained in detail. Then the proof of Theorem 1.2 is discussed. The last two subsections correspond to the proof of Corollaries 1.7 and 1.8.
Proof of Theorem 1.1
Conjugate the subgroup Q if necessary and assume that P = H for some H ∈ H. A lower bound for the constant C is defined during the course of the proof, in particular, the constant C is chosen large enough to satisfy (5.2) below. The proof consists of four lemmas. Let σ be the quasiconvexity constant for Q.
Proof. Let f be a non-trivial element of Q * Q∩R R. If f is conjugate to an element of Q or an element of R, then it is clear that its image is not trivial. Otherwise,
where Fix i and let
, and Figure 5. 1.) First we show that there are elements z 1 and z 2 in the left coset
where M (H, Q, σ) is the constant provided by Lemma 4.2 for the subgroups H and Q, the constant σ, and the proper metric dist X . Since Q is σ-quasiconvex and Label(u i ) represents an element of Q, we have that x
A similar argument guarantees the existence of an element z 2 with the desire properties.
Since
and hence dist X (z 1 , z 2 ) ≥ C, by hypothesis (2) on the length of the elements of R \ Q. Finally, by our choice of the constant C,
which proves the claim. 
The path o and the resulting quasi-geodesic p.
where r 1 or s k may be trivial. The definition of the path p (and the path o) show that r i and s i are geodesic segments in Cayley(G, X ∪ H); claim 1 shows that the H-components s i and s i+1 of p are not connected; and claim 2 implies
Proposition 3.1 implies that p is a (λ 0 , 0)-quasi-geodesic with different endpoints, proving the claim.
Lemma 5.2. The subgroup Q∪R is relatively quasiconvex and its quasiconvexity constant is independent of the choice of R.
Proof. Let f ∈ Q ∪ R , and let q be a geodesic in Cayley(G, X ∪ H) from 1 to f . If f ∈ Q ∪ R then it is trivial that any vertex of q is at most σ apart from an element of Q ∪ R with respect to the metric dist X . Otherwise, let p be the (λ 0 , 0)-quasi-geodesic constructed during the proof of Lemma 5.1 from 1 to f . Notice that any vertex of p is at most σ apart from an element of Q ∪ R with respect to the metric dist X . The BCP property implies that every vertex of q is at most ǫ(λ 0 , 0, 0) apart from the set of vertices of p. It follows that any vertex of q is at most (σ + ǫ(λ 0 , 0, 0)) apart from Q ∪ R . This shows Q ∪ R is relatively (σ + ǫ(λ 0 , 0, 0))-quasiconvex. Proof. If f is a parabolic element of G, then its action on Cayley(G, X ∪ H) fixes setwise a subset of diameter one. Indeed, if f is a parabolic element, then there is an element g ∈ G such that gf g −1 ∈ H i for some i. It follows that f fixes setwise the left coset g −1 H i which has diameter one. Let f be an element of Q * Q∩R R, and suppose that f is not conjugate to an element of Q or R. We claim that f acts on a bi-infinite quasi-geodesic p in Cayley(G, X ∪ H) as a non-trivial translation, and hence the observation of the previous paragraph implies that f is not a parabolic element.
Conjugate f , if necessary, and assume that its normal form, 
and let p the path obtained by replacing each H-component of o by a single edge. The argument of Lemma 5.1 shows that the subpath of p induced by the subpath
of o is a (λ 0 , 0)-quasi-geodesic for any integer k > 0. It follows that p is a biinfinite (λ 0 , 0)-quasi-geodesic, and that the (image in G of the) element f acts as a nontrivial translation on this bi-infinite quasi-geodesic. 
Proof. Assume that Q ∩ R is a proper subgroup of R and Q; otherwise there is nothing to prove.
An easy argument using normal forms shows that if J is a subgroup of Q * Q∩R R that can not be conjugated into Q or R, then J contains an element that can not be conjugated into Q or R. By Lemma 5.3, any parabolic subgroup J of Q * Q∩R R is conjugate to a parabolic subgroup of Q or R. This also implies that any maximal parabolic subgroup J of Q * Q∩R R is conjugate to a maximal parabolic subgroup of Q or R, and hence to a subgroup in {R,
The second statement follows from the following observation. For any element g ∈ Q ∪ R , if g ∈ Q then Q ∩ Q g is either trivial or contained in Q ∩ R; therefore K i and K j are conjugate in Q * Q∩R R only if i = j. Since Q ∩ R is a proper subgroup of R and Q, R is not conjugate to a subgroup of Q in Q * Q∩R R.
Proof of Theorem 1.2
Conjugate the subgroups Q 1 and Q 2 if necessary and assume that P = H for some H ∈ H. A lower bound for the constant C is given by (5.5) below. The proof is completely analogous to the proof of Theorem 1.1. Let σ be a common quasiconvexity constant for Q 1 and Q 2 .
Proof. Let f be an element of Q 1 * R hQ 2 h −1 with normal form
where
or g 1 ∈ Q 1 \ R, and either g 2k = 1 or g 2k ∈ Q 2 \ R. Consider the path o in Cayley(G, X ∪ H) from 1 to f given by
where u i , v 2i and v 2i+1 are geodesic paths in Cayley(G, X ∪ H) such that Label(u i ) represents g i , Label(v 2i−1 ) represents h, and Label(v 2i ) represents h −1 . Claim 1. Let t i be the H-component of o that contains the subpath v i . Then the H-components t i and t i+1 are not connected. If t 2i−1 and t 2i are connected H-components, then g 2i ∈ R, which contradicts the assumptions on (5.4). Analogously t 2i and t 2i+1 are not connected H-components.
Claim 2. dist X ((t i ) − , (t i ) + ) > η for each i, where η is the constant from Proposition 3.1. Fix an odd value of i, and let x 1 = (u i ) − , x 2 = (t i ) − , x 3 = (u i ) + , x 4 = (u i+1 ) − , x 5 = t + and x 6 = (u i+1 ) + . The argument used to prove Claim 2 of Lemma 5.1 shows that there are elements z 1 in the left coset x 3 R, and z 2 in the left coset x 4 R such that
where M (H, Q i , σ) is the constant provided by Lemma 4.2 for the subgroups H and Q i , the constant σ, and the proper metric d X . It follows that
and hence dist X (z 1 , z 2 ) ≥ C. Now the triangle inequality and our choice of C implies 5) where η is the constant from Proposition 3.1 The case for an even value of i is similar, the only difference is that z
Claim 3. Let p be the path obtained by replacing each H-component v i of o by a single edge s i . The above claims and Proposition 3.1 imply that p is (λ 0 , 0)-quasi-geodesic with different endpoints. In particular the image of f by the map
Remark 5.6 (A technical remark on the proof of Lemma 5.5). If p is the path from 1 to an element f of Q 1 , hQ 2 h −1 \ Q 1 ∪ Q 2 constructed in the proof, then p has at least two different H-components s 1 and s 2 of X-length at least η, namely the ones induced by an element of hQ 2 h −1 in the normal form of f . Since η is larger than ǫ(λ 0 , 0, 0) (see (3.7)), the BCP-property implies that any geodesic from 1 to f has at least two different H-components. In particular, the element f does not belong to a subgroup H ∈ H.
Therefore, if 
Then there is a constant λ = λ(B, h, Y ) such that |g| Y ≥ λ|j| for any j ∈ Z and g ∈ h j B
Proof. Since h has infinite order, one can regard A as the direct product A 1 ⊕ h 1 where h ∈ h 1 and B ⊂ A 1 . Suppose Y contains h 1 , and
Since the word metrics associated to different finite generating sets are Lipschitz equivalent the result follows. Corollary 1.7 follows from the following proposition.
Proposition 5.10. Let G be hyperbolic relative to a collection of free abelian subgroups H, Q a relatively quasiconvex subgroup, and P a maximal parabolic subgroup of G. If
then there is an element h ∈ P with the following property. For any positive integer k, there exist integers n 1 , . . . , n k such that
Moreover, the above subgroup is relatively quasiconvex.
Proof. Let G be hyperbolic relative to a collection of abelian subgroups H, Q a relatively quasiconvex subgroup, and H ∈ H such that
Let h ∈ H be any element such that 6) and let Y be a finite generating set of H. By Lemma 5.9 there is a constant λ > 0 such that
for any integer j, and any element g in the left coset h j (Q ∩ H). By induction on k, we prove the existence of integers n 1 , . . . , n k such that the subgroup
and
The case k = 1 is trivial taking n 1 = 0. Suppose
Let C = C(R k−1 , Q, H) be the constant provided by Theorem 1.2, and let n k be any integer such that max{|g| Y : g ∈ H with |g| X < C} < λn k .
(5.8)
Now we show that the quasiconvex subgroups R k−1 and Q, the maximal parabolic subgroup H, and the element h n k+1 ∈ H satisfy the hypothesis of Theorem 1.2: first, since H is abelian, h n k (Q ∩ H)h −n k = Q ∩ H; second, if g is an element of the left coset h n k+1 (Q ∩ H), then (5.7) and (5.8) imply that |g| X ≥ C. Therefore Theorem 1.2 implies that the subgroup
If Q ∩ H is not trivial, then Lemma 5.8 applied to Q and R k−1 implies that Q∩H is a maximal parabolic subgroup of R k . Since R k ∩H is a maximal parabolic subgroup of R k containing Q ∩ H, if follows that Q ∩ H = R k ∩ H. If Q ∩ H is trivial, then remark 5.6 implies R k ∩ H is trivial. Proof. By Proposition 1.5, a collection of representatives of the infinite maximal parabolic subgroups of Q up to conjugacy in Q is finite, say K 1 , . . . , K n . The desired group is obtained after an n-step process which produces a sequence {Q j } n j=0
of quasiconvex subgroups of G where Q 0 = Q and Q n = R is a fully quasiconvex subgroup. For 1 ≤ j ≤ n, the group Q j has the graph of groups decomposition described in Figure 5 .4, where {A 1 , . . . , A j , K j+1 , . . . , K n } is the collection of all maximal parabolic subgroups of Q j up to conjugation in Q j , and A i is a finite index subgroup of a maximal parabolic subgroup of G for each i ≤ j. Now we explain how to obtain Q i+1 from Q i when i < n. Let P be the maximal parabolic subgroup of G containing K i+1 , and let Y be a finite generating set of P . Let C = C(Q i , P ) ≥ 0 the constant provided by Theorem 1.1, and define D = max{|g| Y : g ∈ P with |g| X < C}.
Since P is a finitely generated abelian group, there is a finite index subgroup A i+1 of P containing K i+1 such that |g| Y ≥ D for any g ∈ A\K. In particular |g| X ≥ C for any g ∈ A i+1 \ K i+1 , and hence Theorem 1.1 and Lemma 5.4 imply that the subgroup Q i+1 = Q i ∪ A i+1 of G is isomorphic to Q i * Ki+1 A i+1 , is relatively quasiconvex, and {A 1 , . . . , A j+1 , K j+2 , . . . , K n } is the collection of all maximal parabolic subgroups of Q i+1 up to conjugation in Q i+1 .
6 Future Directions
Amalgamation along hyperbolic subgroups
The main results of this paper address Problem 1, stated in the introduction, in the case that K is a maximal parabolic subgroup of Q 1 or Q 2 . The case that K Finding subgroups isomorphic to fundamental groups of hyperbolic closed surfaces in (relatively) hyperbolic groups has been an theme in Geometric Group Theory [6, 23] . D.Cooper, D.Long and A. Reid have produced closed surface subgroups in fundamental groups of complete hyperbolic 3-manifolds with cusps [9, 10] . In [8] , N. Brady, M. Forester and the author has shown that a class of word-hyperbolic groups of the form F k * Z F l , where F k and F l are free groups of rank k and l respectively, have surfaces subgroups. The techniques used in [8] resemble CooperLong-Reid ideas of doubling surfaces with one boundary component through a combination theorem. Problem 3. For which other classes of word-hyperbolic groups can these ideas produce surface subgroups? D.Cooper, D.Long have produced surface subgroups in Dehn fillings of hyperbolic manifolds [9] . In the context of hyperbolic Dehn fillings on relatively hyperbolic groups [16, 22] : Problem 4. Explore the existence of surface subgroups in one-ended word-hyperbolic groups arising as hyperbolic Dehn fillings of relatively hyperbolic groups.
